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X = [−2, 2]; μ(x) ≡ 0; p(x) ≡ p,
λ(x) = exp(−x2/2σ2b ),
α(x, y) = α˜(x− y) = exp(−(x− y)2/2σ2α).
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 #, ,   ! # 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+ x1, . . . , xd ∈ X   # "  i ∈ {1, . . . , d} 〈νK0 ,1{xi}〉 # 
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 3 9#)B)4 ,# K → +∞ #  " (〈νKt ,{x1}〉, . . . , 〈νKt ,{xd}〉) "( 
" " # :&"#  (!  #   # d  
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n˙(t) = Fx(n(t)), t ≥ 0, 6)B7


 n(t) = (n1(t), . . . , nd(t))$
Fxi (n) := niG
x
i (n) 

 G
x
i (n) := r(xi)−
d∑
j=1
α(xi, xj)nj. 6)7
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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 i ∈ {1, . . . , d}$
Gxi (n¯(x)) = 0  DF
x(n¯(x)) = ((−α(xi, xj)n¯i(x)))1≤i,j≤d. 6)7
5 x1, . . . , xd ∈ X + #     " y ∈ X  # "   
  (" !   (",# ") 9# (",# "  ( ! # 
   !
f(y;x) = f(y;x1, . . . , xd) = r(y)−
d∑
j=1
α(y, xj)n¯j(x). 6)7
9# !  # $"  %&'"" !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! # (  #
)
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  .
  
  x1, . . . , xd ∈ X 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67 #  i ∈ {1, . . . , d}$ f(xi;x1, . . . , xd) = 0,
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67 -" f(y;x1, . . . , xd) < 0$ 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DF (x1,...,xd,y)(n¯1(x), . . . , n¯d(x), 0) =
⎛
⎜⎜⎜⎜⎜⎝
DFx(n¯(x))
−n¯1(x)α(x1, y)
)
)
)
−n¯d(x)α(xd, y)
0 · · · 0 f(y;x)
⎞
⎟⎟⎟⎟⎟⎠ .
: x1, . . . , xd +  # (  DF
x(n¯(x)) # ( "  ") 

) 8 # " #  6d = 17 #   %&'"" ! LV (1, x)
& # "  #  ( $
n˙x = nx(r(x)− α(x, x)nx). 6)	7
*# r(x) > 0 # $  $"  # $  n¯(x) = r(x)/α(x, x))
) 8 # " #  6d = 27 # ! LV (2, (x, y)) & # "{
n˙x = nx(r(x)− α(x, x)nx − α(x, y)ny)
n˙y = ny(r(y)− α(y, x)nx − α(y, y)ny).
6) 7
@" 2  627   α(x, x)α(y, y) − α(x, y)α(y, x) 
= 0 # $"
 6) 7 " (0, 0) (n¯(x), 0) (0, n¯(y))   " $" n¯(x, y) ,##
!  ! (  (0,∞)2 ,#
n¯1(x, y) =
r(x)α(y, y)− r(y)α(x, y)
α(x, x)α(y, y) − α(x, y)α(y, x) , 6)7
n¯2(x, y) =
r(y)α(x, x)− r(x)α(y, x)
α(x, x)α(y, y) − α(x, y)α(y, x) . 6)7
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f(y;x) = r(y)− α(y, x)n¯(x). 6)7
?! >"  )
 # !  # $" (n¯(x), 0)  (" ! # (
 f(y;x) 
f(x;x) = 0, ∀x ∈ X .
"" #    (  "" " +  # " #
)
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 LV (2, (x, y)) "   "
f(y;x) > 0  f(x; y) > 0.
* ""  3B :) )B)
4 "   "  # ")

) 8 # "" #  6d = 37 #     " z      ,#
, +( " " x  y  ( !
f(z;x, y) = r(z)− α(z, x)n¯1(x, y)− α(z, y)n¯2(x, y), 6)
7
,#" n¯1(x, y)  n¯2(x, y) "   6)7  6)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  #"  # "   " ,# #
   . (",  !  ,  #  " "(     ( 
)
 

% 6?7  # ,( 2  6?7  6?7  # %&'"" ! 
 )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6?7 K ! x = (x1, . . . , xd) ∈ X d # # x1, . . . , xd + " %( 
!  " y ∈ X # # f(y;x) > 0 #" +  (#"# U ⊂ Rd+1
 (n¯1(x), . . . , n¯d(x), 0) # #  #   LV (d + 1, (x1, . . . , xd, y)) ,#
   U ∩ (0,∞)d+1 "(  t → +∞   $ $" 
(R+)d+1  !
n∗(x1, . . . , xd, y).
6?7 *"( "  ! xd+1 = y  n∗ " n∗(x1, . . . , xd+1) 
I(n∗) :=
{
i ∈ {1, . . . , d + 1} : n∗i > 0
}
 x∗ = (xi; i ∈ I(n∗)).
9# " %(  !  " xd+1   {xi; i ∈ I(n∗)} +

"  j 
∈ I(n∗) , f(xj;x∗) < 0.
2  6?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d∑
i=1
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( d∑
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X
dh
d∑
j=1
p(xj)λ(xj)n¯j(x)
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( d∑
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( d∑
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L(1)ϕ(n¯(x)δx)
=
∫
X
(
ϕ
(
n¯(x + h)δx+h
)
− ϕ(n¯(x)δx)
)
p(x)λ(x)n¯(x)
[f(x + h;x)]+
λ(x + h)
1{f(x;x+h)<0}m(x, h)dh
+
∫
X
(
ϕ(∂)− ϕ(n¯(x)δx)
)
p(x)λ(x)n¯(x)1{f(x;x+h)>0,f(x+h;x)>0}m(x, h)dh. 6
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τK := inf{t ≥ 0 :   (νKt ) = {x, y}   (x, y) 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)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νK t
KuK
1{ t
KuK
≤τK} + ∂ 1{ tKuK >τK}
, t ≥ 0
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•  f(x; y) > 0  f(y;x) < 0 !   LV (2, (x, y)) "( " R+×(0,∞)
"(  n∗(y, x) = (n¯(x), 0)
•  f(x; y) < 0  f(y;x) > 0 !   LV (2, (x, y)) "( " (0,∞)×R+
"(  n∗(x, y) = (0, n¯(y))
•  f(x; y) > 0  f(y;x) > 0 !   LV (2, (x, y)) "( "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)
""  # $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   !  f(y;x) 
= 0  f(x; y) 
= 0)
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 x ∈ X $   y ∈ X   f(y;x) > 0 " f(x; y) < 0,
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Lϕ(x) =
∫
Rl
(ϕ(x + h)− ϕ(x))p(x)λ(x)n¯(x) [f(x + h;x)]+
λ(x + h)
m(x, h)dh. 6
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7  ! x, y ∈ X # # f(x; y)f(y;x) > 0 6  ! " # 
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6;7 E"  x, y ∈ X # + #   z # # f(x; z) = 0 f(z;x) = 0
f(y; z) = 0 f(z; y) = 0 f(x; y, z) = 0 " f(y;x, z) = 0 6,# #  $
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( " )
*  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 y 6))  x, y, z ! f(x; y) > 0 f(y;x) > 0  f(z;x, y) > 0 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:= {(x, y, z) ∈ X 3 : LV (3, (x, y, z)) (      
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  x  y +  f(z;x, y) > 0 # (x, y, z) ∈ C
 
  !  #  # ,(  " " " 
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7 8 f(y;x, z)  , # f(x; z) f(z;x)  f(y;x, z) #  #  ()
6>7 8 f(x; y, z)  , # f(y; z) f(z; y)  f(x; y, z) #  #  ()
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 , 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 " M0∪{∂} ,#  ("" L(2)) 9# "  ( ! 6)7 " d =
1  " d = 2  +( x1, x2     ,) % ν :=
∑2
i=1 n¯i(x1, x2)δxi 
#
L(2)ϕ(ν) =
∫
Rl
2∑
j=1
(
ϕ
( 2∑
i=1
n∗i (x1, x2, xj + h)δxi + n
∗
3(x1, x2, xj + h)δxj+h
)
− ϕ(ν)
)
×
p(xj)λ(xj)n¯j(x1, x2)
[f(xj + h;x1, x2)]+
λ(xj + h)
1{(x1,x2,xj+h)∈C }m(xj , h)dh
+
∫
Rl
2∑
j=1
(
ϕ(∂)− ϕ(ν))p(xj)λ(xj)n¯j(x1, x2)1{(x1,x2,xj+h)∈C }m(xj, h)dh. 6
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τ˜K := inf{t ≥ 0 :   (νKt ) = {x, y, z}   (x, y, z) ∈ C }.
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  
 (
νK t
KuK
1{ t
KuK
≤τ˜K} + ∂ 1{ tKuK >τ˜K}
, t ≥ 0
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"  (x, y, z) /∈ C
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 ,
6
7 .
  x0 = x(0)    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
  y$ f(y; z)f(z; y) < 0  (z − y)f(z; y)  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"  #
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+   # (#"#  "! (") 2 " ""!  # "
 (  : B))B ,#" ( # "  )%) F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"#  "! (")
E!   !  !  # .  +   # (   
 # (#"#   "! ("! ,    #  " 
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?" (  #  "   ""  " # 1" , +
 "! "#( ,   " # ,    # "  #  "
 9#"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

 * .
 627   λ$ μ  α 
 C2, %
 x∗ ∈ X 
  ,
67 -" ∂11f(x∗;x∗)+∂22f(x∗;x∗) > 0$ 
 "  
 U " x∗$ 

 
) x, y ∈ U
 
),
67 -" ∂11f(x∗;x∗) + ∂22f(x∗;x∗) < 0$ 
 

 
)  
 U " x∗  
 x, y ∈ U   
),
9# #, # # ""  "! "#( 6∂11f(x∗;x∗) > 07  1"
" # ""  + 6∂11f(x∗;x∗) + ∂22f(x∗;x∗) > 07) 8   
 9#" B)  # ∂22f(x∗;x∗) > ∂11f(x∗;x∗) # "! "#( 
∂11f(x∗;x∗) > 0   # + "" ∂11f(x∗;x∗) + ∂22f(x∗;x∗) > 0  +
 ) 9#  "  #  "   ""  : B)))
 
%   &  # +  "  : )) 9#  ""  #
 ! 2  627 62-7 62D7  6;7 6 : 
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7)
9#   
f(y;x) = λ(y)− α(y, x)n¯(x)
= exp
(
− y
2
2σ2b
)
− exp
(
− (x− y)
2
2σ2α
)
exp
(
− x
2
2σ2b
)
.
;  (
∂1f(x∗;x∗) = −x
∗
σ2b
exp
(
− (x
∗)2
2σ2b
)
= 0 ⇐⇒ x∗ = 0.
"" ∂11f(0; 0) = 1σ2α −
1
σ2b
 ∂22f(0; 0) = 1σ2α +
1
σ2b
. 9# # + ""
 >"  B) 67  ,! ) * "#"" " # 6B)7  6B)
7
#  #
∂11f(0; 0) > 0 ⇐⇒ σα < σb.
9#  σα < σb , #  "! "#(   σα > σb , # ! +)
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7)
 #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
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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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9#  "   +     #  "!   34 "
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   # (#"#  "! (") 9 #
 ,  # ,( )
'  %
 h(x, y, z) 
  Ck " " k ≥ 1 

  X 3   h(x, x, z) =
0 "  x, z ∈ X , /
$ 
 "
(x, y, z) → h(x, y, z)
x− y
 
 
)

  {x = y}   Ck−1 " hˆ(x, y, z)  X 3  
 hˆ(x, x, z) =
∂1h(x, x, z) "  x, z ∈ X ,

 9!"- " ,# (" "" !
h(x, y, z)
x− y =
∫ 1
0
∂1h(y + (x− y)u, y, z)du
"  x 
= y) 9# "(##   #   " x = y    Ck−1 
 X 3) 
% x∗ ∈ X   /:   #   9#" B) ) ?! 2  627  62D7
#    f(y;x)   6)7  , "  x, y ∈ X
   C3 ) *  + #   # 
  
f(z;x, y) = r(z)− α(z, x)n¯1(x, y)− α(z, y)n¯2(x, y),
,#" n¯i(x, y) i = 1, 2 "   6)7  6)7   x, y ∈ X # #
α(x, x)α(y, y) − α(x, y)α(y, x) 
= 0,
 # ,( " # " # + 
  )
* ,   # 
a = ∂11f(x∗;x∗)  c = ∂22f(x∗;x∗). 6B)B7
 # ! 6B)	7
∂12f(x∗;x∗) = −a + c2 . 6B)7

  :
 
   627$ 62-
7  6B)
7$ 
 "   


,
67 #  x, y ∈ X   
 " x∗$
x 
= y =⇒ α(x, x)α(y, y) 
= α(x, y)α(y, x).
/  
     n¯(x, y) *

  ;
 ,+  f(·;x, y) 




 "  x, y,
67 1
 x, y → x∗      x 
= y$
n¯1(x, y) + n¯2(x, y) −→ n¯(x∗) = r(x
∗)
α(x∗, x∗)
; 6B)7
f(z;x, y) −→ f(z;x∗), ∀z ∈ X . 6B)7
67 1 
  6B)B7$  x, y → x∗$
f(y;x) =
1
2
(x− y)(c(x− x∗)− a(y − x∗))+ o(|x− y| (|x− x∗|+ |y − x∗|)). 6B)	7
67 /
 " f(z;x, y)  
 
)

   C2 "  {(x, y, z) : z ∈ X , x, y ∈ U}
" 
 
 U " x∗  X ,  
  f(z;x, y) 
 
)

 "$
 x, y → x∗$
f(z;x, y) =
a
2
(z − x)(z − y) + o(|z − x| |z − y|). 6B) 7
	
 % D(x, y) := α(x, x)α(y, y) − α(x, y)α(y, x)) 8 , " % B) #
D(x, y)/(x − y)   +  X 2   C3  ,## # 
(∂1α(x, x))α(x, x) + (∂2α(x, x))α(x, x) − (∂1α(x, x))α(x, x) − α(x, x)(∂2α(x, x)) = 0
 #   (x, x)) 9#"" % B)       "   " #
D(x, y)/(x − y)2   +   C2  Dˆ(x, y)  X 2) <  
"!   ( # "" 9!" +   D(x, y) ! #
D(x, y) = (x− y)2(α(x∗, x∗)∂12α(x∗, x∗)− ∂1α(x∗, x∗)∂2α(x∗, x∗)) + o(|x− y|2).
9# > 67 , " #  # α(x∗, x∗)∂12α(x∗, x∗) 
= ∂1α(x∗, x∗)∂2α(x∗, x∗)
,##   $  6B)
7) 8   #& #
a = r′′(x∗)− r(x∗)∂11α(x
∗, x∗)
α(x∗, x∗)
 c = −r′′(x∗) + 2r′(x∗)∂1α(x
∗, x∗)
α(x∗, x∗)
+ r(x∗)
α(x∗, x∗)
(
∂11α(x∗, x∗) + 2∂12α(x∗, x∗)
)− 2∂1α(x∗, x∗)(∂1α(x∗, x∗) + ∂2α(x∗, x∗))
α(x∗, x∗)2
.
@( #  #
r′(x∗) = r(x∗)
∂1α(x∗, x∗)
α(x∗, x∗)
6B)7
 x∗   /: , # #
α2(x∗, x∗)(a + c) = 2r(x∗)
(
α(x∗, x∗)∂12α(x∗, x∗)− ∂1α(x∗, x∗)∂2α(x∗, x∗)
)
.
<
α(x∗, x∗)∂12α(x∗, x∗)− ∂1α(x∗, x∗)∂2α(x∗, x∗) 
= 0 ⇐⇒ a + c 
= 0.
8  "" #   # #  Dˆ(x, y)  ."   (#"#  x∗)
E" > 67 " #
n¯1(x, y) + n¯2(x, y) =
r(x)α(y,y)−α(y,x)x−y + r(y)
α(x,x)−α(x,y)
x−y
(x− y)Dˆ(x, y) .
?! #  "  % B) # ""   +   C3  h(x, y) !
(
h(x, y) = −r(x)
∫ 1
0
∂2α(y, y + (x− y)u)du + r(y)
∫ 1
0
∂2α(x, y + (x− y)u)du
"  x, y ∈ X ) 8  "" h(x, x) = 0 "  x ∈ X ) 9#"" % B)  
    "   " # n¯1(x, y) + n¯2(x, y)   +   C2  
# (#"#  x∗  #
lim
x,y→x∗, x =y
n¯1(x, y)+n¯2(x, y) =
∂h
∂x (x
∗, x∗)
Dˆ(x∗, x∗)
=
r(x∗)∂12α(x∗, x∗)− r′(x∗)∂2α(x∗, x∗)
α(x∗, x∗)∂12α(x∗, x∗)− ∂1α(x∗, x∗)∂2α(x∗, x∗) .
 
< 6B)7  # 6B)7 , " 6B)7)
> 67   " #  # f(x;x) = 0 " % B)  " #
"" 9!" +   f(y;x)) 8 #      #  #
x∗   /:  6B)7)
9#  # f(z;x, y)  C2  U × U × X    " +!  # "("! 
n¯1(x, y) + n¯2(x, y)  "( #
f(z;x, y) = r(z)−
r(x)α(z,x)α(y,y)−α(z,y)α(y,x)x−y + r(y)
α(z,y)α(x,x)−α(z,x)α(x,y)
x−y
(x− y)Dˆ(x, y) .
9#"" ( #  # f(x;x, y) = f(y;x, y) = 0 % B)      ,
  " #
f(z;x, y) =
γ
2
(z − x)(z − y) + o(|z − x| |z − y|)
"   γ ∈ R) 9# "" 9!" +   f(z;x, y) #, #
γ = ∂11f(x∗;x∗, x∗)) ,   6B)7 ∂11f(z;x∗, x∗) = ∂11f(z;x∗) "  z ∈ X )
< γ = a ,##  #  "  > 67) 
%&  %
  
& $ " x∗    
 $ 0 67 "
0  B) 

   
 
 
$   
   " 
 
   

  
 " 
  
  &,
 

$ " x∗     .  6B)
7 *a + c 
= 0+   
$ 0 67 "
0  B)   ", -

$  
 
 
 α(x, x)∂12α(x, x) 
= ∂1α(x, x)∂2α(x, x)
" x 
= x∗$
n¯1(x, x) + n¯2(x, x) =
r(x)∂12α(x, x) − r′(x)∂2α(x, x)
α(x, x)∂12α(x, x) − ∂1α(x, x)∂2α(x, x)
=
r(x∗)
(
∂112α(x∗, x∗) + ∂122α(x∗, x∗)
)− r′(x∗)∂22α(x∗, x∗)− r′′(x∗)∂2α(x∗, x∗) + o(1)
α(x∗, x∗)
(
∂112α(x∗, x∗) + ∂122α(x∗, x∗)
) − ∂2α(x∗, x∗)∂11α(x∗, x∗)− ∂1α(x∗, x∗)∂22α(x∗, x∗) + o(1)
 x → x∗, / 
) 
 
 r′′(x∗)$ 
 
    
  
  ,
/

"
$  
 " r      r(x∗)  r′(x∗) 
 )
  r′′(x∗)

  
 
 
 " limx,y→x∗ n¯1(x, y) + n¯2(x, y),
 +
   
  
  
",	  x∗
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" #    ,# " x, y, z   x∗) ;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;" 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8 #  ,# a > 0 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  # f(y; z) > 0) 9(#"
,# #  # f(x; y, z) < 0 #  " 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# (#"#  x∗  ,  #  "  9#" B) ) 9#  "  >"  B)
   # !  # "(   +   {(x, y) ∈ X : f(x; y) >
0  f(y;x) > 0}  # (#"#  x∗) 9#  "  9#" B)   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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(#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! # 8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{y = x}  X 2  # (#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 
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 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# (" ,# + {y = x}) 8 E() B) ,  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""" (  # "
γ ,# "   # +) 9# "(  +  #  ,#" f(y;x) > 0 
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(x∗, x∗)  c = a > 0 c = 0  a > 0 " a = 0  c > 0) :"! + 
"  # (#"#  (x∗, x∗)  c = a < 0 c = 0  a < 0 " a = 0  c < 0)
9#  c = −a  "     #(#""" +   # 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
%  "  " # "  η > 0 " ε H!  θεη(x
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" 
θεη(x
∗)   69#" B)B 67 7  #   2  62D7 # 9::
# ,!     "!  # C(D A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"  "! " 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  # P(θεη(x
∗) = ∞) > 0)
9# ))  #  τ ε = ∞  # 9::  " ! "      #
" I := [x0, x∗ − η]) 2  #  "  % B) 67  ∂1g(x;x) > 0 " 
x ∈ I ! 2  62D7 "  x ∈ I h ≥ 0  #   "  m(x, h)dh  ε ≤ ε0
,#" ε0 > 0   (#∫ +∞
0
[g(x + εh;x)]+m(x, h)dh > 0, ∀x ∈ I.
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   	 x∗ = 0
E+ ε ≤ ε0) ?  2  62-7 #  " $!   ,)")) x ∈ I)
9#"" #" + β > 0 # #∫ +∞
0
[g(x + εh;x)]+m(x, h)dh ≥ β, ∀x ∈ I.
: |g(x+εh;x)| ≤ Cε|h| ≤ C|h| "   C   m(·, ·)   #"
+ β′ > 0 # #∫ +∞
β′
[g(x + εh;x)]+m(x, h)dh ≥ β/2, ∀x ∈ I.
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 " # ,#   "  # ")
, 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#  #   "  # ,   # >/: 
   (x∗− η, x∗ + η)) < η"#(     B)	  "
   ε < η/(4(X ))) "" # #, # "  θεη(x∗) #   "
 # >/:  ,!   (x∗ − η, x∗ + η)) 9#  #  "  9#" B)  67)

  # ) ./-   a > 0
?! >"  B) ,# a > 0 " #    9#" B)  , "  #
  E() B) 67  # +  ,!    # (#"# 
x∗) E+ η > 0) * " ((   " #  η   (# # " ε  (#
67 # "   + τ ε  ))   :  (Λ˜ετε−) ⊂ (x∗ − η, x∗ + η) ))G
67 "  τ ε #  , # ,    #   "  # " >/:
 "(   )) ((" # η/2    " +( #
" (x∗ − η, x∗ + η))
9# ,   , "!  ! 9#" B)  67)
E" > 67 " " # ! >"  B)  τ ε < +∞ # :  (Λ˜ετε−) ⊂
(x∗ − η, x∗ + η)) 9# , ! #   " # P(τ ε < ∞) = 1)
J # E() B) 67 " " # ( ("  #   f(y;x)) 9#
" γ  {x = y} " #   ."  f(y;x)) J # γ  C2  # #  
 γ  (x∗, x∗)  c/a) J  #   γs  # !"  γ ,)")) # 
{x = y}) : c > a > 0 !   # #" " ! #  ( "
  (x∗, x∗)  ! "  H!   x∗ 6 # # "  
E() B) 67 7 ! #  ( "   ,# #  # #" " γ {x = y}

B
 γs #  " x∗ ( # "   ,# γs  # # ,# γ) 8
,  # "   E() B) 67   # ( ("  f(y;x) ,# x
 y "  (#  x∗ # !  " y #   # " " x
 # >/: " #" "  x∗ # x 6)) " , #  {x = y} ,# x > x∗ "
 #  ,# x < x∗7 " + ,# x) 8  ""  x  y "    
  x∗ #! "! +)
9# #, # "  θεη(x∗)  "  τ ε #   "  # >/: 6)) #
9::7  ) 9#"" # >/:  "(  # "",  E() B) 67 !
     6" "",7  + 6#". "",7  
" "", " # .  +) : # 9:: !   "# x∗
" τ ε #  " +  ,#! +  ((  "  "!) 9#  "
, ( ,    # "( &(   #  H! #
# A "   ."  # )
E+ ε < ε0) 9&( ε0  (#  , " 6B)	7  " # $! c > a > 0
# "  x H!  " x∗  h  #   "  m(x, h)dh # #
(x− x∗)h ≤ 0
[g(x + εh;x)]+ ≥ Cεh
(
(a− c)(x− x∗) + aεh + O(|x− x∗|+ ε|h|)
)
≥ C(c− a)
2
ε|h|(|x − x∗|+ ε|h|),
"  C > 0) :"!  " #  "  #  # θεη(x
∗) < ∞ )) , # 
" 2  62-7  62D7 # #" +  β, β′ > 0 # # " !
x ∈ [x∗ − η, x∗ + η]∫ +∞
β′
[g(x + εh, x)]+m(x, h)dh ≥ βε(|x− x∗|+ ε)  x ≤ x∗,
∫ −β′
−∞
[g(x + εh, x)]+m(x, h)dh ≥ βε(|x− x∗|+ ε)  x ≥ x∗.
,  , " 6B)	7 #
∫
R
[g(x + εh, x)]+m(x, h)dh ≤ Cε(|x − x∗| + ε) " 
 C > 0) 9# #, # # A  # 9:: "  τ ε #   "!
((" # β/C   "(" # β′) "" #  A "  # 9:: "
!    [x∗ − η, x∗ + η]  ,"  ! βε2 > 0) 9#""  P(τ ε = ∞) > 0
 "!  #  # 9:: ! ,   "# x∗ "   
x∗  , # ! ! A  ( ,## ! ! ,  (("
# β′ > 0) 9#     # P(τ ε = ∞) = 0)
E" > 67  # # " >/:  " #    t ,#   "
{x, y} x < y) %  + ,# #   ,#   " z  #   )
J # ,  a > 0) 8 #   #,  #  "  ;""! B)B
"( η  "! "  x, y, z ∈ (x∗ − η, x∗ + η) # # x < y f(x; y) > 0
f(y;x) > 0  f(z;x, y) > 0 #
• #" z < x < y  f(x; y, z) < 0 f(y;x, z) > 0 f(z; y) > 0  f(y; z) > 0
• " x < y < z  f(x; y, z) > 0 f(y;x, z) < 0 f(z;x) > 0  f(x; z) > 0)


/+( E() 
) ,  # #  " !   ,#     
 ) 8 #  ,#" z < x < y # $ f(y; z) > 0 f(z; y)  f(x; y, z) < 0
 ! # # $" n¯(y, z)     #  x < y < z # $
f(x; z) > 0 f(z;x) > 0  f(y;x, z) < 0  ! # # $" n¯(x, z)  )
,   #      #"  !   $"   6" " !
   •7) 9#"" ,# #   2  6?7
n∗(x, y, z) =
{
(0, n¯1(y, z), n¯2(y, z))  z < x < y,
(n¯1(x, z), 0, n¯2(x, z))  x < y < z.
6B)7
8 #" ,"  #  z  # ,   # " >/:  n¯1(x, z)δx+
n¯2(x, z)δz  x < y < z " n¯1(y, z)δy + n¯2(y, z)δz  z < x < y) 8 #  # 
, # , +( " # ")
8 #  ( θ′  # "  ,#"   #    #   "  #
>/:  (x∗ − η, x∗ + η) ,  # "  t ∈ [τ ε, θ′) #   "  # >/: Λ˜εt
 ,!    +! , " {Y εt , Zεt } ,# Y εt < Zεt ) "" #  "
(Y εt , t ∈ [τ ε, θ′))  "(  #  " (Zεt , t ∈ [τ ε, θ′))  "() 8
 "" # " Zεt − Y εt  #   "  # >/:  "() < 
""    #  "  H   " #
θ′ < ∞ ))  (:  (Λ˜εθ′)) > η/2.
9#  # θ′ < ∞ ))    " ( 2  62D7  6B)	7   "
,!  " > 67 ) 9# ,"   # "  # >/:   $
 # $!
τ ε > θεκε(x
∗) )) ,#" κ =
4c(X )
c− a , 6B)
7
 " ,) 9# #, # Y ετε  Z
ε
τε (  [x
∗ − κ′ε, x∗ + κ′ε] ,#" κ′ :=
κ + 2(X )) : #  " Y ε  Zε "  ,  #
Y εθ′ ≤ x∗ + κ′ε  Zεθ′ ≥ x∗ − κ′ε.
:   # , " Y εθ′  Z
ε
θ′     # " [x
∗ − η, x∗ + η]
, !  # (Λ˜εθ′) ≥ η − κ′ε > η/2  ε   (#)
<  ! "   " 6B)
7) E" ! x, y ∈ R # #
|x− x∗| ≥ 2c|x− y|
c− a , 6B)B7
, #
|y − x∗| ≥ |x− x∗| − |y − x| ≥ c + a
2c
|x− x∗|

|y − x∗| ≤ |x− x∗|+ |y − x∗| ≤
(
1 +
c− a
2c
)
|x− x∗|.
: 0 < a < c , #
c + a
2c
>
a
c
 1 +
c− a
2c
< 1 +
c− a
a
=
c
a
.


, {(y−x∗) = (c/a)(x−x∗)}  (  γ  (x∗, x∗)  {(y−x∗) = (a/c)(x−x∗)} 
(  γs  (x∗, x∗)) 9#"" " ! x, y H!   x∗  !( 6B)B7
#   (x, y)  , # , " γ  γs 6)) , γ   γs  x > x∗
 , γs   γ  x < x∗  E() B) 67 7) 8  "" x  y   +)
9#""   τ ε # , " Y ετε  Z
ε
τε  #   "  # >/:  !
|Y ετε − x∗| ∨ |Zετε − x∗| ≤
2c
c− a |Y
ε
τε − Zετε | ≤
4cε(X )
c− a = κε,
   # " Y ετε  Z
ε
τε    " " # #" ") 
#   $ %&
9#  "  # "  "! "  #  "  3B 9#)4) *   "   #
  "" "  #   #   ) 9# ("   #
 " , ! # #" "(  : )B)) 8 &  "  #
  3B4 " " #   )
E"  ε > 0 t > 0  Γ ⊂ X " 
Aε,d(t,Γ) :=
{
:  (νt/KuK ) ⊂ Γ # d  # + ! x1, . . . , xd,
 ∀1 ≤ i ≤ d, |〈νt/Kuk ,1{xi}〉 − n¯i(x)| < ε}.
9  " 9#" ) , # # "  ε > 0 t > 0  Γ ⊂ X "
lim
K→+∞
P(Aε,d(t,Γ)) = P(:  (Λt) ⊂ Γ  # d ). 62)7
,#" (Λt, t ≥ 0)    9#" )) 9# " ("  #  "  # ,(
 "  ,## (". 9#" 
 67  67  3B4)

  .
 $ "  K ≥ 1$   (νK0 ) = {x1, . . . , xd}  〈νK0 ,1{xi}〉 ∈
C ,,$ 

 C     
 " R+, %
 φ(t, (n1, . . . , nd)) 

 
 
  

t " 
  " LV (d,x)    (n1, . . . , nd), /
$ "  T > 0$
lim
K→+∞
sup
1≤i≤d, t∈[0,T ]
∣∣∣〈νKt ,1{xi}〉 − φi(t, (〈νK0 ,1{x1}〉, . . . , 〈νK0 ,1{xd}〉))∣∣∣ = 0 a.s. 62)7
9# "   " ""!  9#" ))  3
4 +  " ,  H)
9# "   # 9#" ))  3
4  # #  n → Fx(n) 
 #  6)B7  # %& '"" !  "! % #.  R
d
+ ,## 
 # ) <," 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d∑
j=1
α(xi, xj)〈νKt ,1{xj}〉 62)
7
  

      
 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  "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"#  n¯(x)  # 
    " # " # 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K→+∞
P
(
τ > logK, sup
1≤i≤d, t∈[logK,τ ]
|〈νKt ,1{xi}〉 − n¯i(x)| < ε
)
= 1,
KuKτ
L=⇒
K→∞
/+ 
( d∑
j=1
p(xj)λ(xj)n¯j(x)
)
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P( 
 τ $ 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 xi) =
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j=1 p(xj)λ(xj)n¯j(x)
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 x1, . . . , xd 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τ1 = inf{t ≥ 0 : ∀i ∈ I(n∗), |〈νKt ,1{xi}〉 − n∗i | < ε  ∀i 
∈ I(n∗), 〈νKt ,1{xi}〉 = 0}
τ2 = inf{t ≥ 0 : 〈νKt ,1{y}〉 = 0  ∀i ∈ {1, . . . , d}, |〈νKt ,1{xi}〉 − n¯i(x)| < ε}.
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 ε < ε0$ " (〈νK0 ,1{xi}〉)1≤i≤d 
  
 ε
 " n¯(x)$
lim
K→+∞
P(τ1 < τ2) =
[f(y;x)]+
λ(y)
, lim
K→+∞
P(τ2 < τ1) = 1− [f(y;x)]+
λ(y)
 ∀η > 0, lim
K→+∞
P
(
τ1 ∧ τ2 < η
KuK
∧ τ
)
= 1.
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0
RKε = inf{t ≥ 0 : ∃i ∈ {1, . . . , d}, |〈νKt ,1{xi}〉 − n¯i(x)| ≥ ε}
SKε = inf{t ≥ 0 : 〈νKt ,1{y}〉 ≥ ε}
SK0 = inf{t ≥ 0 : 〈νKt ,1{y}〉 = 0}.
RKε  #   "  # "    ,! "  $" S
K
ε  #
    #  " 6 t1  E() )7  S
K
0  #   +
 #  ") ?! #   "  >"  2)     " +! 
 3B4 # #" + ρ, V > 0  c < 1 # # " K "( (#
P
( ρ
KuK
< τ
)
≥ 1− ε  P(SKε ∧ τ ∧ eKV < RKε/c) ≥ 1− ε.
9#  [0, τ ∧ SKε ∧RKε/c] !  ( ,"    "   # # "  
     ! #& # " K "( (#  "!
Λ1,εt
K
≤ 〈νKt ,1{y}〉 ≤
Λ−1,εt
K
,#" " i = 1 " −1 Λi,ε    "#(  " # # Λi,ε0 = 1 
,# "# " (1− iε)λ(y)  # "
μ(y) +
d∑
j=1
α(y, xj)n¯j(x) + i(d + 1)α¯
ε
c
.
+ ,  # "  9#"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"#(  "  ""  "
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,##   #  #  ) 2  3B4 , 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"  η > 0 ε > 0 H! 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P
(
τ2 < τ ∧ η
KuK
∧ SKε ∧RKε/c
)
≥ 1− [f(y;x)]+
λ(y)
− Cε 62)B7
P
(
SKε < τ ∧
η
KuK
∧ SK0 ∧RKε/c
)
≥ [f(y;x)]+
λ(y)
− Cε.
5 #  {SKε < τ ∧ SK0 ∧RKε/c} , " " ε′ > 0 #   ( 
TKε = inf{t ≥ SKε : ∀i ∈ {1, . . . , d}, |〈νKt ,1{xi}〉 − n∗i | < ε2  |〈νKt ,1{y}〉 − n∗d+1| < ε2},
UKε,ε′ = inf{t ≥ TKε : ∃i ∈ I(n∗), |〈νKt ,1{xi}〉 − n∗i | ≥ ε′},
V Kε = inf{t ≥ TKε : ∃i 
∈ I(n∗), 〈νKt ,1{xi}〉 ≥ ε}.
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(
SKε < T
K
ε < τ ∧
η
KuK
)
≥ [f(y;x)]+
λ(y)
− C ′ε.
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SKε < T
K
ε < V
K
ε ∧ τ ∧ eKV
′
< UKε,ε/c′
) ≥ [f(y;x)]+
λ(y)
−C ′′ε.
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Λ˜i,εt
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 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TKε
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"#
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μ(xi) +
∑
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ε
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.
: ! 2  6?7 f(xi;x∗) < 0 # "#(  "  "  ε 
 (#) < ,# "( "  #   3B4 6 ! # " 
9#" B7 ,   " # #" + C ′′′ > 0 # # "  η > 0 ε > 0 H!
  K "( (#
P
(
SKε < τ1 < τ ∧
η
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|x−y| R(dx, dy);R ∈ P(Rl×Rl) 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 P1  P2
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.
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%  #, # a(x) =
∫
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‖a(x) − a(x′)‖ ≤
∫
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‖h‖ × ∣∣[h · ∇1g(x;x)]+ − [h · ∇1g(x′;x′)]+∣∣ m(x, h)dh
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∥∥∥∥
∫
Rl
h[h · ∇1g(x′;x′)]+(m(x, h) −m(x′, h))dh
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Xεt = X
ε
0 +
∫
Rl×[0,1]×[0,t]
(ε h) 1j
θ≤ [g(X
ε
s−+εh;Xεs−)]+
G
m(Xεs−,h)
m¯(h)
ﬀN ε(dh, dθ, ds), 6;)7
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  ϕ  X 
ϕ(Xεt ) = ϕ(X
ε
0)
+
∫
Rl×[0,1]×[0,t]
(ϕ(Xεs− + εh) − ϕ(Xεs−))1j
θ≤ 1
ε2
[g(Xε
s−+εh;Xεs−)]+
G
m(Xε
s−,h)
m¯(h)
ﬀN ε(dh, dθ, ds)
= ϕ(Xε0) + M
ε,ϕ
t +
∫ t
0
∫
Rl×[0,1]
1
ε2
(ϕ(Xεs + εh)− ϕ(Xεs )) g(Xεs + εh;Xεs )m(Xεs , h)dhdθds,
,#" M ε,ϕ   "()
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" "((  0 ,# ε → 0) * ""& # |g(x + εh;x)| ≤ εC‖h‖ ! 
+   g ,# "    " "  #  # g(x;x) = 0   ∇1g
  !   C) * #
E(‖Xετ+δε −Xετ‖) = E
(∫ τ+δε
τ
∫
Rl
‖εh‖[g(Xεs− + εh;Xεs−)]+ m(Xεs−, h)dh
ds
ε2
)
≤ CM2δε,
,#" M2 =
∫ ‖h‖2m¯(h)dh) 9# " ! α > 0
P(‖Xετ+δε −Xετ‖ > α) ≤
CM2
α
δε → 0 ,# ε → 0.
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L0ϕ(x) =
∫
Rl
(h · ∇ϕ(x))[h · ∇1g(x;x)]+ m(x, h)dh,
B

,#" ∇ϕ(x)  # (" "  ϕ(x)) * #
∣∣Lεϕ(x) − L0ϕ(x)∣∣ ≤ ∫
Rl
[h · ∇1g(x;x)]+×
∣∣∣∣ϕ(x + εh) − ϕ(x)ε − h · ∇ϕ(x)
∣∣∣∣m(x, h)dh
+
∫
Rl
∣∣∣∣ϕ(x + εh) − ϕ(x)ε
∣∣∣∣×
∣∣∣∣
[
g(x + εh;x)
ε
]
+
− [h · ∇1g(x;x)x)]+
∣∣∣∣m(x, h)dh. 6;)B7
%   I1  I2 # $  # ("  # "  #  "
" !) , ϕ  C1 g(x;x) = 0  ! 2  62-7 g(x; y)  C1 ,# " 
 # " " x) : ,   θ1 θ2  θ3  [0, 1]  (  x  h #
#
I1 = [h · ∇1g(x;x)]+ × |h · ∇ϕ(x + θ3εh)− h · ∇ϕ(x)|;
I2 = |h · ∇ϕ(x + θ1εh)| × |[h · ∇1g(x + θ2εh;x)]+ − [h · ∇1g(x;x)]+|.
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∇ϕ  ∇1g " # C% #.   ! C  X  X 2 " !) 9#
I1 ≤ C‖h‖ × ‖h‖C‖θ3εh‖ ≤ εC2‖h‖3;
I2 ≤ C‖h‖ × |h · ∇1g(x + θ2εh, x)− h · ∇1g(x, x)| ≤ εC2‖h‖3.
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∣∣Lεϕ(x)− L0ϕ(x)∣∣ ≤ 2εC2 ∫
Rl
‖h‖3m(x, h)dh.
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